EQUIVARIANT COHOMOLOGY OF INCIDENCE HILBERT 
SCHEMES AND LOOP ALGEBRAS 



WEI-PING LI 1 AND ZHENBO QIN 2 

Abstract. Let S be the affine plane C 2 together with an appropriate T = C* 
action. Let S^ m,m+1 ^ be the incidence Hilbert scheme. Parallel to [LQ| , we 
construct an infinite dimensional Lie algebra that acts on the direct sum 

+00 

m=0 

of the middle-degree equivariant cohomology group of S' m,m+1 l The algebra 
is related to the loop algebra of an infinite dimensional Heisenberg algebra. In 
addition, we study the transformations among three different linear bases of 
Ht. Our results are applied to the ring structure of the ordinary cohomology of 
g[m,m+i] anc j |- ^ ne r i n g of symmetric functions in infinitely many variables. 



1. Introduction 

Let S be the affine plane C 2 together with the T = C* action 

a(w,z) = (aw,a~ 1 z), a E T 

on the coordinate functions w and z of S. This T-action on S induces a T-action 
on the Hilbert scheme of n-points on S. The T-fixed points in are of the 
form £ A where A denotes partitions of n. In |Na2l INa3| IVasl |LQW1[ |LQW2| , the 



equivariant cohomology Hj(S^) of the Hilbert scheme has been studied via 
representation theory. A generalization of Nakajima's work [Nalj to the equivariant 
cohomology Hj(S™) shows in |Vasj that the space 

+00 

H T = 0fl| n (S r W) 

n=0 

is an irreducible representation of a Heisenberg algebra generated by the linear 
operators a„, n G Z in End(Hx). As a consequence, it induces a linear isomorphism 

$ : H T -)• A ® z C 
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where A is the vector space of symmetric functions in infinitely many variables (see 
p. 19 of |Macj ) . More specifically, let C = C z be the z-axis of S. The homomor- 
phism $ maps a! A |0) and [L X C] (defined in (13.291) and (14.11) ) to the power-sum 
symmetric function p\ and the monomial symmetric function m\ respectively. Here 
[•] denotes the equivariant fundamental cohomology class. 

A new feature of the equivariant setup is the existence of the T-fixed points. By 
the localization theorem, the ring structure of Hj(S^) is easy to describe using 
the fixed points £a £ £ ■ Note that A is a ring as well by the usual multiplication 
of functions. However, <3> is not a ring isomorphism. On the other hand, if we 
define a new ring structure on A by requiring s\ ■ s M = 6\ tll h(X)s\ for the Schur 
functions S\ and s^, then $ is a ring isomorphism from M.f to (A, •). Here h(X) 
denotes the hook number of the Young diagram associated to A. In fact, $ maps 
the fixed point class (— l)' A '//i(A) • [A] to the Schur function s\. This is an extra 
property gained by going to equivariant cohomology (see |Vasj ). 

In this paper, we study the equivariant cohomology Hj(S^- n ' n+1 ^) of the incidence 
Hilbert scheme S^- n ' n+1 ^ which is defined by 

S [n,n+1] = | £ c £/} c S [n] x 5 [n+l]_ 

It is known from |ChH [Tik] that the incidence Hilbert scheme 5 , ^' n+1 ' is irreducible, 
smooth and of dimension 2(n + 1). Following |LQ], we construct the Heisenberg 



operators aJ,neZ and the translation operator t T on the space 

+oo 

i T = 0#J (n+1) (£["' n+1 ]). 

n=0 

Let f)ir be the Heisenberg algebra generated by the operators nGZ. The loop 
algebra of F)t is the space C[u, u~ 1 } ®c f)T together with the Lie bracket 

[u m ®g 1 ,u n ®g 2 ] = u m+n ®ig 1 ,g 2 ]. 

Theorem 1.1. The space H T is a representation of the Lie algebra C[m _1 ] ®c 6t 
with a highest weight vector being the vacuum vector 

|0) = [C z ] e H*{S [0 > 1] ) = H%(S) = H*{C 2 ) 
where u~ l acts via F ; and C z denotes the z-axis of S = C 2 . 
It follows that a linear basis of the space Ht is given by 

B 2 = {(tTaIjO>} . 

i. J t>0, v 

On the other hand, the T-fixed points of S^ n ' n+1 ^ are of the form £a,^ = (£a, £m) w here 
A and /i denote partitions of n and (n + 1) respectively, and the Young diagram 
of A is contained in the Young diagram of /i. Such a pair (A, /i) of partitions is 
defined to be an incidence pair. For an incidence pair (A,/i), let 

[A,d = u e #?" +1) (^ +1 i) 
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where t is the character associated to the 1-dimensional standard module 9 of T 
on which a G T acts as multiplication by a. By the localization theorem, the ring 
structure of H* (n+1) (S^ n+1 ^) (and hence of 1 T ) can be easily described in terms 
of the classes [A,//]. In addition, these classes form another linear basis of Mj: 

®1 {[A; fJ>\ } (\,fi) incidence' 

Theorem 1.2. There exists an algorithm to express each element (t T )*aIjO) in 
the linear basis £>2 as a linear combination of the elements in the linear basis B\. 

This theorem implies that the ring structure of M.j can also be described (im- 
plicitly) in terms of the elements in the linear basis Bi- The main idea in proving 
Theorem 11.21 is to introduce a third linear basis of the space M.j: 

B 3 = {[L X >»C}} 

where L X, ^C is defined by (14.51) . We show that there exist algorithms to express 
every element in B2 as a linear combination of the elements in B3 and to express 
every element in B3 as a linear combination of the elements in B\. 

There are two applications of our results. The first is to describe the ordinary 
cohomology ring H*(S^ n ' n+1 ^) of the incidence Hilbert scheme S^ n,n+1 ^. The second 
is to the ring of symmetric functions. Indeed, define a linear isomorphism 

$ : H T -> A ® z C[v] 

by sending (t T )* cF A |0) to p\ £g> v % . Then the ring structure on Mj induces a ring 
structure on A®zC[t>] such that Ag^C C A(g)zC[u] becomes a subring of A(g>zC[i>]. 
Moreover, we have a commutative diagram of ring homomorphisms: 

e T — a® z c 



e T — A® z c[v] 

respecting the Heisenberg algebra actions on Hx and M.j, where 1 denotes the 
inclusion map. It is natural for us to ask what the induced ring structure on 
A ®i C[f] is in the realm of symmetric functions. 

The paper is organized as follows. In §2, we study the equivariant aspects of the 
incidence Hilbert scheme S^- n ' n+1 ^ , including a description of the T-fixed points, the 
generating function for the Betti numbers, a T-invariant cell decomposition, the 
equivariant Zariski tangent spaces at the fixed points, and a bilinear pairing. In 
§3, we construct the loop algebra action on the space Ht, and compare it with the 
Heisenberg algebra action on the space M.j. In §4, we study the transformations 
among the three linear bases B±, B2 and B% of M.j. In §5, the two applications 
mentioned above are addressed. In §6 (the Appendix), we prove Lemma [2.81 
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Conventions. We use A and \x to denote partitions of n and (n + 1) respectively. 
The sign ~, in the case of co homology and operators, is for the incidence Hilbert 
schemes S [n ' n+1] . The sign ' , in the case of equivaiant cohomology, is for the 
localized equivariant cohomology. 

Acknowledgments. The first author thank the Department of Mathematics at 
the University of Missouri for the Miller Scholarship which made his visit there in 
February and June of 2006 possible and MSRI at Berkeley for its support. 

2. The equivariant setup for incidence Hilbert schemes 

When a smooth algebraic variety X admits a torus C* action, one can study 
its equivariant cohomology Hg*{X). It is known that the localized H^»{X)' has 
extra properties coming from the fixed points. In the case of Hilbert scheme 
of points on a surface S, this provides a much richer structure on the equivariant 
cohomology of than the ordinary cohomology |Vasl INa3l |LQW1[ |LQW2| . 



Besides the Hilbert scheme of points for a surface S, the incidence Hilbert 
scheme 1 S , ' n,n+1 l for a surface S is the only class of (generalized or nested) Hilbert 
schemes of points on smooth varieties of dimension bigger than one which are 
smooth for all n (see |Chlj ). It has a nice generating function of Betti numbers. 
When the surface S is C 2 , the torus C* action on S^ n,n+l ^ was studied in details in 
[Chi J. In this section, we follow Cheah's approach to the equivariant tangent spaces 
of the fixed points. We calculate the generating function of the Betti numbers of 
g[n,n+i]^ s t uc ly j n details the equivariant tangent spaces, and hence determine the 
ring structure of the localized equivariant cohomology H^(S^ n,n+1 ^)' in terms of the 
fixed points. It turns out that it is more natural to work on a modified cohomology 
ring, as illustrated in | Vasj . which will be the material in the last subsection. We 
draw a special attention to three different torus actions on S = C 2 in (j2.10j) . (12.111) 
and (12 . 1 21) which serve for different purposes. 

2.1. The equivariant homology and cohomology. 

Let T = C*, and let 9 be the 1-dimensional standard module of T on which 
a G T acts as multiplication by a, and let t be the associated character. Then the 
representation ring TZ(T) is isomorphic to Z[i,i -1 ]. 

Let X be an algebraic variety acted by T. Let Hj(X) and Hj(X) be the equi- 
variant cohomology and the equivariant homology with C-coefficient respectively. 
Note that Htfjrt) = H*(BT) = C[t). Then there exist bilinear maps 

U : Hi(X) <g> H{(X) -> H^ +j (X), 

n: W T {X)®H]{X)^Hl j {X). 

If X is of pure dimension, then there exists a linear map 

D : Hi(X) - Hj(X). 

If X is smooth of pure dimension, then D is an isomorphism. When / : Y — > X is 
a T-equivariant and proper morphism of varieties, we have a Gysin homomorphism 

fi : Hj(Y) Hj{X) 
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of equivariant homology. Moreover, when both Y and X are smooth of pure 
dimension, we have the Gysin homomorphism 

-D 1 f\ D : Hj(Y) — > Hj(X) 

of equivariant cohomology, which will still be denoted by f\. 

2.2. Incidence Hilbert schemes of points on surfaces. 

Let S be a smooth complex surface, and be the Hilbert scheme of points in 
S. An element in is represented by a length-n O-dimensional closed subscheme 
£ of S. For £ G S^- n \ let 1^ be the corresponding sheaf of ideals. It is well known 
that is a nonsingular complex variety of dimension 2n. Sending an element in 
to its support in the symmetric product Sym n (5'), we obtain the Hilbert-Chow 
morphism 7r n : — > Sym n (S), which is a resolution of singularities. Let 

2 n = {(£,s)eS'MxS r |aeSupp(0} 

be the universal codimension-2 subscheme in x S. 

Fix a point s G S. For m > and n > 0, we define two closed subsets: 

M m {s) = {ee^|Supp(0 = W}, (2.1) 

M m , m+n {s) = {(£,£016 C £'} C M m {s) x M m+n {s). (2.2) 
It is known that M m , m+ i(s) and M m+ i(s) are irreducible with 

dimM mjjri+ i(s) = dimM m+1 (s) = m. (2.3) 
The incidence Hilbert scheme S , ' Tl,ri+1 l is defined by 

S [n,n+l] = |^ ; ^ | £ C £'} C S [n] x (2.4) 

It is known from |ChH [Tik] that the incidence Hilbert scheme S , ["' n+1 ' is irreducible, 
smooth and of dimension 2(n + 1). In fact, we have 

S [n,n+1] ^ ^nV^ (2.5) 

where S'W x 5 denotes the blowup of x S 1 along the subscheme Z n (see jES2j). 
Note that sending a pair (£, £') G S^- n ' n+1 ^ to the support of I^/I? yields a morphism: 

Pn : S [n ' n+1] -> 5 (2.6) 
which is also the composition of the isomorphism f!2.5p and the projection 

2.3. The torus action on the incidence Hilbert schemes. 

Let S = C 2 . Then the 2-dimensional complex torus T 2 = (C*) 2 acts on the affine 
coordinate functions w and z of S by 

(a,b)w = aw, (a,b)z = bz (a, 6) G T 2 . (2.7) 

It induces T 2 -actions on both and S^ n ' n+1 K It is known from [ESI] that the 
T 2 -fixed points in are parametrized by the partitions of n. Let A be a partition 
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of n (denoted by A h n), and let £a be the T 2 -fixed point on corresponding to 
A. If A = (Ai > A 2 > • • • > A r ) with Ai + . . . + A r = n, then we have 

J fo = ( w Xl ,zw X2 , z r ~ l w x \ z r ). (2.8) 

The multiplicity of part i in a partition /x is denoted by 77^ (/x), or simply by rrii 
if there is no confusion. Using these multiplicities, we can also express /x as: 

l_i = n wi iW2 m2 W . . .i m i(v) . . . ) = (i m i2 m2 ■ ■ -i m% . . . ) 
Lemma 2.1. The T 2 -ftxed points in S^- n ' n+1 ^ are of the form (£a>£/J where 

H = (■■■({- l) mi -H mi (i + l) m ^---) h (n + 1) 

A = /x W := {■■■(i-2) m ^(i-l) m ^ +1 i m ^ l (i + l) m ^ ■■■) (2.9) 

for some % > 1 with rrii > ft/ie parts (i — 2) mi " 2 , (z — l)™*- 1 and (z — l) m i-i +1 rfo 
noi appear if i = 1). 

Proof. Since the T 2 -fixed points in are of the form £a with A h n, the T 2 -fixed 
points in S^- n ' n+1 ^ are of the form where A h n, \i h (n + 1) and C J^ A . 

Let A = (Ai > A 2 > ...) and /x = > /x 2 > •••)• B Y |£B}, 

Mi > Ai, /x 2 > A 2 , . . .. 

Since 5^ ■ Aj = n and 52 . ^ = n + 1, there exists jo satisfying /Xj = A J0 + 1 and 
/Xj = Aj whenever j ^ j . This is equivalent to (12. 9p . □ 

Definition 2.2. (i) The step length s(/x) of a partition /x is defined to be 

s (a0 = m{v) > o}; 

(ii) If (£a>£/u) ^ S , [™' n+1 l, then (A, /x) is defined to be an incidence pair. Put 

£a,/j = 

Fix /x h (n+1). By Lemma T2. 11 the number of T 2 -fixed points in S , ' n ' n+1 l which 
are of the form is precisely equal to the step length of the partition /x. 

Let T + = T_ = C*. Consider the three actions on coordinate functions of S: 

a(w,z) = (aw,a _1 2), a G T, (2-10) 

a(u;,z) = (a u w,a^), a G T + , (2.11) 

a(w,z) = {a- u w,a~ v z), a G T_ (2.12) 

where < u < w. We regard them as three 1-dimensional subgroups of T 2 . The 
fixed points in S^- n ' n+1 ^ under the action of T (respectively, T + and T_) are exactly 
the same as those given by Lemma 12 . 11 
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2.4. The generating function for the Betti numbers. 

When the surface S is projective, the generating function for the Betti numbers 
of the incidence Hilbert schemes 5 , ' n,n+1 ' has been determined by Cheah |Ch2] : 



n=0 



2 \ J2(- l )M s[n ' n+1] ) zi J y n 

\ i +°° / i \(-l)%(S) 



where frj(-) denotes the i-th Betti number, i.e., the rank of the z-th ordinary 
(co)homology with C-coefficients. For a general smooth quasi-projective surface S, 
it is unclear whether the above formula still holds. In the following, we let S = C 2 
and show that the above formula holds for S = C 2 . 

+oo / \ 1 +oo 1 

Proposition 2.3. £ V g» = ' II i _ g 2n- 2q n ■ 

n=0 \ i / n=l " 

Proof. Let O be the origin of 5 = C 2 . The T + -action on S^- n ' n+1 ^ gives rise to a cell 
decomposition C" of the punctual incidence Hilbert scheme: 

5 Kn + l] = G 5 [n,n+l]| Supp(e0 = {0}} 

By the Proposition 2.6.4 in |Chlj . the dimension of the positive part of the tangent 
space of 5 , ' n ' n+1 l at a T + -fixed point £a, m = £/J is equal to 

(n+l)-Mi, (2-14) 
where /i = (/ii > /U 2 > . . . > // r ). By the Theorem 3.3.3 (5) of |Chlj . 

+oo / \ 1 +oo 1 

e B-ir w + v U" = • n tt^-v (215) 

n=0 \ i / H n=l H 

where &/(•) stands for the rank of the Borel- Moore homology group H l /(-). On 
the other hand, the T_-action on S^ n ' n+1 ' gives rise to a cell decomposition C™ 
of 5 , ' n '" +1 ^ itself. The positive part of the tangent space of S , ["' n+1 ' at a T_-fixed 
point £a,/x is precisely the negative part of the tangent space of S^- n ' n+1 ^ at the same 
T + -fixed point £^ jjtt . Since 5 , [™' n+1 ' is of dimension 2(ri + 1), we see from (12.151) that 

E (B-^h^VJ f = • n rr^- 

Again, since S , ' n ' ?1+1 l is smooth, there are natural isomorphisms: 

^i(n+i)- J ( 5[ "' n+11 ) - Hi(S [n ' n+1] y S J ff i (5 [n ' n+1] ) (2.16) 
where i7 i (S'[ n ' n+l1 )* is the dual of if i (S ,[n,ri+1] ). So we obtain the desired formula. □ 
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2.5. A T-invariant cell decomposition. 

In the rest of this section, we let S = C 2 . Recall that the conjugate of a partition 
H is the partition // whose Young diagram is the transpose of that of fi. Then 

£(li) = £ (2.17) 

if y! = > jj! 2 > ■ ■ ■ > yu' r )- I n addition, fi and // have the same step length. 

Proposition 2.4. Let S = C 2 . Then S^- n,n+1 ^ admits a cell decomposition 

S [n,n+1] = "Q {218) 

^h(n+l),mi(^')>0 

such that (C(u')W) £ — C( n+1 ) + ^ and ei>en/ ceW S^j T-invariant. 

Proof. From the proof of Proposition 12. 3[ we see that the T_-action on S^ n ' n+1 ^ 
gives rise to a cell decomposition C™ of S^ n ' n+1 K Let ,l be the cell corresponding 
to the T_-fixed point (£(,»#)«,£» where m i(^') > °- B Y (M> and (EHJ), 

dim(C^) = 2(n + 1) - [(ti + 1) - = (n + 1) + %). 

Define S^j = ,l for every partition /i h (n + 1) and mi(fi') > 0. Then we have 
the cell decomposition fl2TT8|) with (£ (m0 w,<^) G = C(" +1 ) +£ ^. 

To show that S^i = C^L ,% is T-invariant, let (rj, rf) G Then, 

lim 6(77,77') = (C^oW^m') 

where 6 G T_. Let a G T. To show 0(77, 77') G it suffices to verify 

lim b(a(0) = lim 6(C) (2.19) 

for every £ G S^. Let / = f(w, z) G if C C[w, z]. Then the contribution of / G if 
to the limiting ideal hm^ ib(C) is equal to wjH/^j'u) where 

j(f) = max{j| for some i, w l z 3 is a term in /}, 

i(f) = max{i| w % z^f> is a term in /}. 

Since j(a(f)) = j(f) and i(a(f)) = i(f), we conclude that the contribution of 
a(f) G I a (Q to lim6_,o-fwa(0) is a ls° w^z^^. This proves (I2.19p . □ 

Corollary 2.5. (i) # 2fc (S^ n+1 l) = u ii| {ri+1) (S[ n > n+1 ]) w6en k > (n + 1); 

(ii) T6ere ezzsfe a nno isomorphism H^(S [n ' n+1] ) / (t) = H*(S [n > n+1] ). 

Proof, (i) Let S^; be the closure of S^j in 5 , ' T1,ri+1 l By Proposition 12.41 

flj^kn+i]) = cfu (2.20) 

/Jh(n + 1), TOj(M')>0 
2j+2(«+l)-2£( M ) = r 

Here and below, [•] denotes the equivariant fundamental cycle or its associated 
equivariant cohomology class. Now (i) follows immediately. 

(ii) There is the forgetful map H^(S^ n,n+1 ^) — > H*(S^ n ' n+ ^) which is a ring homo- 
morphism. By Proposition 12.41 and (12.161) . a C-linear basis of H*(S^ n ' n+1 ^) consists 
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of the (ordinary) fundamental co homology classes of the closures S^j. Combining 
this with d23D}, we obtain H*(S^' n+1 ^)/(t) = H*(S^' n+1 ^). □ 

2.6. The equivariant Zariski tangent spaces of S^. 

The first study of the equivariant Zariski tangent space of the Hilbert scheme 
at the fixed points was carried out in [ESI] . Here we review an approach due 
to Cheah in |Chl] . It will be used in the next subsection for the equivariant Zariski 
tangent space of the incidence Hilbert scheme S^ n ' n+1 K 

Let A h n. Then the T-invariant ideal J^ A C R = C[w, z] is given by: 

7{ A = (w Xl ,zw X2 ,...,z r - 1 w K ,z r ). 

The Zariski tangent space T^ X S^ of at ^ is canonically isomorphic to the 
space Hom(/g A , R/I^ x ). To obtain a pure-weight linear basis of the T-invariant 
space Hom( Jg A , R/I% x ), we represent by a Young diagram D\ as in [Chlj . 

Example 2.6. The ideal I = (w 5 , zw 4 , z 4 w 2 , z 6 ) is represented by the diagram: 



1 


w 


w 2 


zo 3 


w 4 


TV 5 


z 


R, 


l\ 


zw 


ZIV 4 




z 2 






z 2 w 3 






z 3 


z 3 w 


z 3 w 2 


z 3 w 3 






z 4 


4 

Z IV 


4 2 

z w 




I 




z 5 


z w 










z 6 













Figure 1. 



If we look at the Young diagram of / = J^ A , then the corners of its complement 
(that is, the shaded boxes in the second diagram of Figure 2) represent the unique 
minimal set of monomials that generate the ideal J^ A . Denote this set by A, and 
let B be the set of monomials not in J^ A : 































































I 




















Elements of A 




Elements of B 



Figure 2. 
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Rewrite the partition A = (Aj > A 2 > . . . > A r ) as 

A i = . • • = A Po 

> ^po+i — • • • — Ap _t_ pi 

> . . . > 

> A Po+Pl+ ... +Pm _ 2+ i = . . . = Ap 0+Pl+ ... + p m _ 2+ p m _ 1 = A r . (2-21) 
Recall the step length s(A) from Definition 12.21 (i). We have 

m = s(A). (2.22) 
The elements (called the canonical generators) in the set A are: 



«o := w 
a 1 := 2; Po u7 A po+pi ; 

. . . , 

a -i := /2 Po+Pl+ '" +Pm_2 w Ap o +P1+ -" +Pm - 2+Pm - 1 , 

a m := z Po+Pi+-+P m -2+p m -i = z r_ (2.23) 

Define q m = \ Po+ p 1+ ... +Pm _ 2+Pm _ 1 . For 1 < i < m - 1, define 

9i = ^po+Pl+— +P<-1 ~~ ^po+Pl+— (2.24) 

Note that is the vertical distance between the cells representing and a^+i and 
that qi is the horizontal distance between the cells representing and ctj-i. 
For a = aj G A, let P a be the subset of B consisting of the elements b satisfying 

(i) b lies to the left of a in the Young diagram, 

(ii) ^6G/ Cx , 

and let Q a be the subset of B consisting of the elements b satisfying 

(i) b lies above a in the Young diagram, 

(ii) w qi b G J 5a . 

Let S be the subset of Hom(/g A , R/I^ x ) consisting of elements of pure weight 
which take canonical generators in A either to zero or to monomials in B modulo 
Jg A . For (3 G P a U Q a , define f a ^ G S to be the unique element satisfying 

(l) faA a ) = P, 

(ii) fa,(3 takes the largest number of canonical generators to zero. 
The conditions (i) and (ii) imply that f au p(oij) — if (3 G P ai and j > i, and that 
fai,p{.Oij) — if (3 G Q a , and j < i. By the Proposition 2.5.4 of |Chlj . a pure weight 
basis of the tangent space T^ X S^ = Hom(/g A , R/I^ x ) of at £a is 

{faM aeA, (3e P a uQ a }- 

When p G Q a , we have (3 = a ■ w H j V 2 for some integers %\ > and z 2 > 0, and the 
weight of /q,^ is equal to {ii + z 2 ), which is the hook length h{D) of certain cell □ 
in the Young diagram D\. As (3 runs in the set Q a , □ runs over all the cells in D\ 
exactly once. Similarly, when (3 G P a , we have (3 = a ■ z 12 /w H for some integers 
i\ > and ii > 0, and the weight of f a ,/3 is equal to + 12), where (i± + i 2 ) is 
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the hook length h(0) of certain cell □ in D\. Again, as (3 runs in Q a , □ runs over 
all the cells in D\ exactly once. Hence, there exists a T-equivariant identification: 

r^s [n] = (e h{a) ©r ft(D) ). (2.25) 

It follows that the T-equivariant Euler class of the tangent space is 

e T (T (x S [n] ) = (-1)" ■ Y[ h(Uf ■ t 2n = (-1)" • h(\f ■ t 2n (2.26) 

where h(X) is the product of all the hook lengths «(□), □ G -Da- 

2.7. The equivariant Zariski tangent spaces of S'- n ' n+1 K 

Let (A,/i) be an incidence pair of partitions with A h n. Then, (£a,£/0 is a 
T-fixed point in S^ n ' n+1 ^. There are T-equivariant maps: 

0: Rom(l^R/I ix )^Rom(l^R/I^), (2.27) 

1>: Eom{l^R/I^)^Eom{l^,R/I^). (2.28) 

From pages 42-43 in [Chlj . we see that the Zariski tangent space of 5 , [™' n+1 ' at the 
point is canonically isomorphic to ker(0 — ip) where 

(0 - V) : Hom(J^, R/I^) © Hom(/^, R/I^) - Rom(l^,R/I ix ) 

is defined by letting (0 — ip)(a,b) = 0(a) — if>(b). By the Lemma 2.6.2 in [Chlj . 
(0 — ip) is surjective. Therefore, there is a T-equivariant exact sequence: 

_> ker(0 - V) -> Hom(%, fl/Jfc) © Hom(/^, 

-Homfefl/J^-^O. (2.29) 

We keep using the notations A, B,pi,ati,qi associated to A from §2.6[ and let 
A', B' be the corresponding notations associated to fi. Put 

A' = {«o,«i, . . . ,a' s }. 

The Young diagram of 1^ is obtained from that of I^ x by adding one of the cells 
which represents a canonical generator in A. Let 

a k G A (2.30) 

be this canonical generator. Then, a k G B' and so a k G" A'. Note that 

a k G P a > t U Q a / 

for all < i < s, and that the homomorphism f a '.,a k G Hom(/^ M , R/I^j maps to 
and all the other canonical generators in A' to zero. Moreover, f a ' ,a k , ■ ■ ■ > /«' 3 ,a fc 
form a basis of ker(-0) C ker(0 — ip), i.e., we have 

s 

ker(0 — i/j) D ker(^) = 0C/ a ;, Qfc . (2.31) 

i=0 

Definition 2.7. Let (A,/i) be an incidence pair, and k be from (12.301) . 
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(i) For < i < k — 1, let be the cell in the Young diagram D\ which 
is directly to the left of aij and directly above a^, and let be the cell 
which is the (pi — l)-th cell directly under (0' ki = if = 1). For 

+ 1 < % < m = s(A), let □jfcjj be the cell which is directly above aii and 
directly to the left of a^, and let D' ki be the cell which is the (ft — l)-th 
cell directly to the right of = if ft = 1). 

(ii) Define k(X, fi) to be the integer fc, and define 

*(A )A = /i(A) a . II 'tfD^I' - ( 2 - 32 ) 

o<i<s(\) \ fc(A,/i),i/ 

i^fc ( A./i.) 

The following lemma is the key step for determining the ring structure of the 
equivariant cohomology ring of the incidence Hilbert scheme S^ n ' n+1 \ Since the 
proof is a bit technical, we place it in the Appendix. 

Lemma 2.8. Let (£\,£fj) G 5 , ' ra ' n+1 ' be a T -fixed point. Then the T-equivariant 
Euler class of the tangent space of 5 , ^' n+1 ' at egim/ to 

e T = (-l) n+1 /i(A, /i) • t 2(n+1) . (2.33) 

2.8. A bilinear pairing. 

Recall that the T-fixed points in S^ n ' n+1 ^ are of the form £a,^ = (6a, 6^) where 
(A, /i) denotes incidence pairs of partitions. Let 

tx,„: (v = (aU^^ +1 l (2.34) 
be the inclusion map. Let G Hj(C,x,^) be the unit. Thus, 

[6J = MihJ e ^ (n+1) (^" +1 ]). 

Denote by C[i]' the localization of the ring C[i] at the ideal (t — 1), and denote 

ln= ^ (^" +1 ]) T -,^" +1 l. 
(X,fi) incidence 

We define H*((S^ n+1 ^) T )' = H*((S^ n+1 Y) ®C[t] C[t]' and define i^^"'"^)' 
similarly. Then we have the induced Gysin map: 

Z nl : H*((S^ n ' n+1] ) T )' — > ^;(5 [ri ' n+11 )'. 
By the localization theorem, is an isomorphism. The inverse (^i) -1 is given by 

A ~ ( {Lx - nA) 

(A,/i) incidence 

Therefore, we conclude from Lemma 12.81 on the Euler class ej that 

- ( < .iA«x%^) • < 2 - 35 > 

/ (A,/^) incidence 
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Next, we define a bilinear pairing on H;(S [n ' n+1] )' by: 

(-, -) : H*(S^ n +^)' ® c[t] , H*(S^ n +^)' -> C[t]', (2.36) 

(A,B) = (-l^f^y-HAUB) (2.37) 

where 7f n is the projection of the set (5 , [ n ' n+1 l) T of T- fixed points to a point. This 
induces a bilinear pairing, again denoted by (— , — ), on the space: 

+oo 

= H;{s ln > n+1] y . (2.38) 

n=0 

2.9. A new ring Ht,„ and its linear basis from the fixed points. 

For n > 0, let Mj :n = H^ n+1 \S^ n ' n+1 ^) be the middle-degree equivariant coho- 
mology of the incidence Hilbert scheme S , ^ n,n+1 '. By Corollary 12.51 (i), 

JjM.n+1) ^g[n,n+i\^ _ ^(n+1) y jj2(n+l)^[ n ,n+l]^ 

Note that # T (S [n ' n+1] ) is C[t]-torsion free. Define a product * on e Tjn by: 

r +1 U {MB) = A U B (2.39) 

for A,B £ Mj >n . Then, we see that (Ht^j*) is a ring. 

Next, we construct a linear basis of M.j tn . Define the class [A,/z] G Hx )T i by 

r +1 U [A, //] = [6 J (2.40) 
since e ^"^(S^ 11 ). Note that we have 

= 5 ( a,,),(a,,) (-l) n+1 MA,^)t 2(n+1) [aj (2.41) 
by the projection formula and Lemma [2.81 Thus we obtain 

[A, /z] =^),(X,M)(-l) ri+1 MA^) [A, a*]. (2-42) 
Combining this with the localization theorem, we see that the classes 

[A,M] 

where jtt h (n + 1) and (A, /i) is an incidence pair, form a linear basis of M.j <n . 
In addition, we obtain from ( 12. 37ft and ( 12.41| that 

([A, n], [X,p]) = (-lr'W'jA^luft/i]) 

= (-l)^ 1 ^,^!)- 1 ^- 2 ^ U [&J U 

= 5 MM h(\,n). (2.43) 
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It follows that the restriction to H^n of the bilinear form ( — ,— ) on the space 
Hj(S^ n ' n+1 ^)' is a nondegenerate bilinear form: 

(-, -) : H T , n x i Tjn -> C (2.44) 

This induces a nondegenerate bilinear form, denoted again by (—,—), on: 

+00 

ii = 0ii,„. (2.45) 

ra=0 

Note that a C-linear basis of the vector space M.j is given by 

Bl = {[KtA} M mcid ence- 

3. The loop algebra action on Elf 

One of the most important features of the Hilbert schemes of points on 
a surface S is a Heisenberg algebra action on the direct sum of the cohomology 
groups of over all n discovered by Nakajima and Grojnowski |Grol INalj . It 
lays the foundation for a new method in the study of the cohomology ring of the 
Hilbert scheme S^ n \ Without much difficulty, one can transport the Heisenberg 
algebra action to the equivariant cohomology of when S = C 2 . 

A loop algebra of a Heisenberg algebra was found in |LQ| to act on the direct 
sum of the cohomology groups of incidence Hilbert schemes S^- n ' n+1 ^ . It is generated 
by a Heisenberg algebra and a translation operator. In this section, we transport 
the results in |LQ] to the equivariant cohomology of S^ n ' n+1 ^ when S = C 2 . 



3.1. The Heisenberg operators. 

In the rest of this section, let S = C 2 . Let C w and C z be the w-axis and z-axis 
of S = C 2 respectively. By the localization theorem, we have 

[c w ] = t = -t- l [0], [c z ] = -t = r l [0] (3.1) 

in Hj(S), where O G S is the origin. In particular, [C w ] = -[C z ] in Hj(S). 

Next, let Y = C w or C z . Then, Y is T-invariant. For m > and n > 0, define 
the closed subset Q [ y +n ' m] of S^ m+n ' m+n+1 ^ x Sl m > m + 1 h 

Q [ r +nM = {W,0. fa.*/)) I D^, ^3 1/, Supp(V^) = W C Y, 

Supp(V%) = Supp(I„/.fy)}. 

Then Q^ +n ' m ^ is T-invariant. Define the linear operator o_ n ([Y]) G End(H^) by 

a_ n ([F])(I) = -D _1 pii (p*In [Q^ +n ' m] ]) (3.2) 

for A G i^(S , [ m,m+1 ]) / , where p 1 and p 2 are the two projections of S^ m+n ' m+n+ ^ x 
g[m,m+i]_ N ^ e that the restriction of pi to Q^"" 1- ™'"^ is proper. Define o n ([Y]) G 
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End(Hj) to be the adjoint operator of d_ n ([V]) with respect to the bilinear form 
(—,—) on the linear space Mj. Alternatively, we have 

o_ ft ([y])(I) = ^(^(Id^-n^ (3.3) 

On([Y])(B) = (-l)^- 1 ^)^^ x Idsi^^^r 1 (plB n [Qf l+n,m1 ]) (3.4) 

for A G H^ m ' m+ ^)' and B G H*(S^ m+n ' m+n+1 ^' , where p' x ,p 2 are the projections: 

pi . £j[m+n,in+n+l] ^ /^r[m,m+l] ^ T ^ ^i[m+n,m+n+l] 

p/ . /^f[m+n,m+n+l]\ ™ ^ g<[m,m+l] ^ g[m,m+l] 

Let n > 0. From the definition of a_ n ([Y]) G End(H^), we see that 

a_ n ([y])(A) gh t 

if 2 G i T ,m = Hj {m ^ 1] (S^ rn ' m+ ^) C H^ m ' m+1 ^'. Hence the restriction of 
a_ n ([y]) to the space M T gives a linear operator in End(H T ), denoted by a_ n ([Y]) 
as well. Recall from (12.441) that there is a bilinear form 

(-,-): H T ® c § T ^C, 

which is the restriction of the bilinear form (— , — ) on H^. Thus, the restriction of 
a n ([y]) to Ht is the adjoint operator of a_„([Y]) with respect to the bilinear form 
(— , — ) on M.j, and hence is an operator in End(HT) which will again be denoted 
by On([Y}). Finally, we define a ([F]) = G End(§ T ). 

Proposition 3.1. The operators a n ([C z }), n G Z, acting on the space M.j satisfy 
the following Heisenberg commutation relation: 

[a n ([C z ]), ~a m ([C z ])} = n5 n ,. m Idg T . (3.5) 

Proof. Since [C w \ = -\C% we have [Q^ +n ' m] ] = -[Q^ +n ' m] ]. It follows from the 
definition that a m ([C™]) = — a m ([C z }). Hence ( \3.5\\ is equivalent to 

[a n ([C w ]), ~a m (\C z })] = -n<5„,_ m Idg T . (3.6) 

Note that C w and C z intersect transversely at the origin. By (13. 3p and (13 ,4p . the 
commutation relation (13 .6f) is reduced to the intersections between certain cycles 
related to various [Qj^/ 2 '] and certain cycles related to various [Q [ ci M ]. Therefore, 



an argument similar to the one used in the proof of the Proposition 3.5 in LQ 



(for smooth projective surfaces) works in our situation. This proves (13.61) . □ 

3.2. The translation operator. 

For m > 0, define Q m C S [m+1 ' m+2] x S [m ' m+1] to be the closed subset: 

Qm = (£,o)isu PP (v%) = su PP (/ r /v)}- 

Then, the subset Q m is T-invariant, and dimQm = (2m + 3). 
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Definition 3.2. Define the linear operator t T G End(EIx) by 

¥(A) = D- 1 p 1 MAn{Q rn }) (3.7) 

for A G iT,m, where pi,p2 are the two projections of 5 , [ m + 1 . m + 2 l x 5 , K m + 1 l. 

Proposition 3.3. (i) T/ie adjoint operator (t T )^ £/*e Ze/t inverse o/t T ; 
(ii) t T and (t T )^ commute with the Heisenberg operators d_„([C 2 ]). 

Proof. Note that t and its adjoint operator V are also given by 

¥(A) = D-^p'^Xldsim+Lm+z) X Z^f 1 (j%AH [Q m ]j , 

(F) f (5) = -ir^Mwi x idg^^^f 1 (#5 n [Q m ]) 

for A G Hx,m an d -B G H T ?n+1 , where p' x and pfj are the projections: 

£>' ■ £j<[m+l,m+2] x ^[m,m+l] j T > g[m+l,m+2] 

p/ . ^Gj[m+l,m+2]\ ^ ^<[m,m+l] ^ £jf[m,m+l] 

So our results follow from arguments similar to the proofs of the Lemma 4.2 (i) 
and Proposition 4.3 in |LQ] for smooth projective surfaces. □ 

3.3. The loop algebra action. 

Definition 3.4. Let = a n ([C z ]) for all n e Z. Define \)j to be the Heisenberg 
algebra generated by the operators o^, n G Z, and the identity operator Idg . 

The loop algebra of a Lie algebra is C[u, u^ 1 ] ®c with 

[u m ® 9l , u n ® g 2 ] = u m+n ® [^,^]. (3.8) 

Theorem 3.5. T/ie space Mt is a representation of the Lie algebra C[w -1 ] ®c f)T 
wii/i a highest weight vector being the vacuum vector 

|0> = [C z ] G i T ,o = H'(S^) = H*(S) = H*(C 2 ) (3.9) 
where u~ l acts via t T ; and C z denotes the z-axis of S = C 2 . 

Proof. Follows from Proposition I2.3[ Proposition 13.11 and Proposition 13 .31 □ 
For a partition v = (I m i2 m2 • • • ), we establish the notations: 

= T = Uial^, (3.10) 



cr 



j„ = Y[(, ">,!!. (3.11) 

3 

By Theorem 13. 5^ a C-linear basis of the space Wf is given by 

B 2 = {(¥Y~a\\0)} . (3.12) 

L J i>0, v 
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Lemma 3.6. ((F) aljO), (F) al,|0>) = <W 

Proof. By Proposition 13.31 (i) and Proposition 13. 1\ we obtain 

'FI,Fb\ = (1, (F) f F5) = (2,5 



(aV, & T -^) = (A -aJ-a^B) = j (a, b) + (l, a^ajs 
Now the lemma follows from repeatedly applying these two formulas and 

<|0),|0)> = ([C7^],[L7 z ]) = (-t,-t) = l. □ 

3.4. Relations with the Heisenberg operators on (& n Hj n (S^). 
For n > 0, let Hx )n = Hj n (S^). Define the infinite dimensional space 

+ 0O 

M T = 0M T , n . (3.13) 

n=0 

In |Vasj (see also |LQW2| ), an irreducible representation of a Heisenberg algebra 
on the space Ht was constructed. The Heisenberg algebra is generated by the 
linear operators := o„([C7 2 ]) in End(HIi') and the identity operator Ide T . 

The operators a n ([C 2 ]) were defined similarly as in §3.11 Let Y = C w or C z . For 
m > and n > 0, define the closed subset Q [ y +n ' m] of S^ m+n ^ x 

Q [ y +nM = {{t,v)\tO V, Supp(VJ € ) = {s} C Y}. 
Define a ([Y}) = G End(H T ), and define Cl_ n ([Y]), a n ([F]) G End(H T ) by 

a. n ([Y])(A) = D-'ip'Mlds^ x Or 1 ( P ;in [Q^ + " H ]) , 

On([Y))(B) = (-1)" D-\p' 2 )it m+n x Id^^Or 1 (pIB n [Q^ m+riH ]' 

for A G H TiTO = if^ m (S , [ m l) and 5 G H TiTO+n , where p[,p 2 are the projections: 

p/ . c<[m+n] x ^ J 5'M^ T Cj[m+n] 

p' 2 ' ^5 , [ m +™]j T x — > 
Pi,^2 are the two projections on 5'[ m + ?1 ] x S^, and t m is the inclusion map: 

i m : {S [m] f -> S N . 
It was proved in |Vasj (see |LQW2| for the correct sign) that 

[al, al,} = n5 n _ m Id HT . (3.14) 

Recall the morphism p m : 5 , [ m ' m + 1 l _ » 5* from (12.61) . In addition, there are two 
natural morphisms from S^- m ' m+1 ^ to and 5 , ' m+1 ^ respectively: 

g[m,m+l] 9m+i g[ m+ i] 
ifn 



I in 
'I ml 
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These morphisms p m , f m and g m +i are T-equivariant, and there are induced maps: 

*U/*: e T , m ^i Tim , (3.15) 

gti+i '■ Ht,)th-i - ► Hx, m . (3.16) 

We remark that = #t( c2 ) = Ct. Therefore, t U f* m is essentially the only 

way to come up with a map Mj tTn — > EIt,™ based on the pullback f^. 

Proposition 3.7. (i) For every n G Z, t/iere is a commutative diagram: 



Him " 



(3.17) 



(ii) Let n > 0. TVien we /iai>e a commutative diagram: 



•T,m+1 f " 



(3.18) 



•T,m 



(iii) Let n > and A G H T m+1 . T/ien, we /iai>e 



/m+n+1 



al n (A) = ~al n {g* m+l A)-n-^) n -\tur m+l (A))- 



(3.19) 
(3.20) 



Proof. Note that al„ = a_ n ([C 2: ]) and al n = a_„([C 2 ]). Regard the two operators 
al n and aF_ n as operators on the vector spaces 



+oo 



+oo 



e^r = Hi(swy, h; = H;(s [m ' m+1] y (3.21) 

m=0 m=0 

respectively. Then similar arguments as in the proofs of the Lemma 3.4, Lemma 4.4 
and Proposition 4.6 in [LQ| prove the results. One needs to note that al n is C[t}- 
linear and the sign discrepancy in (13.201) comes from the fact [C z ] = — t = |0). □ 

3.5. Further properties of t U /* and g* l+1 . 

We recall some results from [Vasj LQW2| first. As in Corollary 12.51 (i), 

H* n (S [n] ) =t n UH* n (S [n] ). 

Also, Hj(S^) is a free C[i]-module. A ring product * on Mj :Tl is defined by 

t n U (A-kB) = AUB. (3.22) 

For A h n, define the class [A] G H T , n = Hj n (S^) by 

t n U [A] = [&] (3.23) 
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(note that our [A] differs that in [Vas[ |LQ'W 2 by a scalar). Then the classes 

[A], Ahn 

form a linear basis of Hx n - Let i\ : £ A ^ be the inclusion map, and let 

*» = 0*a: (5-W) T -fifW. 



Ahn 



The inverse of the induced Gysin map t n i : Hj((S^) J )' — > Hj(S^)' is given by 



'M = ( 7 £'', ( »L ) • (3.24) 



Ahn 



-l)"/l(A) 2 t 2 " 

Define a bilinear pairing on the localization ^(S^)' by: 

(-, -) : H*(s^y ® c[t] , HUswy - c[f, (3.25) 

(A 5) = (-1)" TTn,^)- 1 ^ U B) (3.26) 

where 7r n is the projection of the set (S^) J of T-fixed points to a point. This 
induces a C- valued bilinear pairing, again denoted by (—,—), on with 

([X],[X])=S x:x h(Xf. (3.27) 

Then the operator a„ with n > is the adjoint of al n , and 

'a T A|0),aI x |0))=3A5 A , A (3.28) 
where for a partition A = (l mi 2 m2 • • ■ ), a^ A is defined by 

a T A = n( a -,) mj - ( 3 - 29 ) 

3 

Proposition 3.8. With the product * on Hx,n and the product * on Hx,n, t/ie linear 
maps t U /* and o* +1 are nna homomorphisms. 

Proof. Let A, B e H Ti „. By ( f2~39l) and (l3~22l . we have 

r +i u((tu/:A)*(tu/:i?)) = (tu/:A)u(*u/:s), 

fU(i*B) = AUB. 

Since /* : ^(5*^) — > if T (S , ' n ' ri+ ^) is a ring homomorphism with respect to the 
cup products and also a C[t]-module homomorphism, we obtain 

t n+l u({tur n A)*(tUf:B)) = t 2 Ut n Aur n B 

= t 2 Uf:(AUB) 

= f 2 u/;(fu(^5)) 

= t n+2 Uf*(A*B). 

So (t U f*A) * (t U /*£) = t U * 5), and t U /* is a ring homomorphism. 
By a similar argument, we see that o* +1 is a ring homomorphism. □ 
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Remark 3.9. (i) We can also show that the linear map t U /* preserves bilinear 
forms, and that (g* +1 A, g* n+1 B) = (n+ 1) (A, B) for A,Be H T) „, +1 . Moreover, 

incidence 
(X,fi) incidence 



(ii) It follows from (i) that the number h(X, //) satisfies some interesting identities: 

E M^) 2 TT _ 

/iCA, a) 2^ 11 x 



ma) 2 ^ n Mgy 

h(X,u) ^ Li i + h(D k . 

V ' ^> k=0 0<i<s{\) \ ' 

{A,fi) incidence i=^fc 



/i(A,/i) 

(A, /j,) incidence 



£ 



I/' I 



4. Transformations among various linear bases of Ht 

Recall that the vector space M.j has two linear bases: 

Bl={M) M incidence' ^ = { &- u\ ) } c 



i>0, !/ 



The ring structure of M.j n is easily described in terms of the linear basis B\ com- 
ing from the fixed points. However, the basis B\ doesn't exist in the ordinary 
cohomology of S^- n ' n+1 ^ , while the second basis £>2 survives. Since we are interested 
in the ring structure of the ordinary cohomology H* (S^- n ' n+1 ^) , it is important to 
know the linear transformation between these two bases. In this section, we give 
an algorithm to express (t T ) 1 cFjO) as a linear combination of the elements in B\. 
This allows us to describe (implicitly) the ring structure of M.j yU in terms of the 
linear basis £>2. The method is to introduce the subvarieties L X '^(C Z ) on S^- n ' n+1 ^ 
and study the actions of the loop algebra and the Heisenberg algebra on them. As 
a consequence, the classes [L A,M (C 2 )] provide a link between the bases B\ and B 2 . 

4.1. The subvariety L X (C Z ) on SH 

Let C = C z be the z-axis of S = C 2 . For A = (A x > A 2 > . . .) h n, let 



sic 



^^AiSj G Sym n (S')|sj G C and the s»'s are distinct j> 



Recall the Hilbert-Chow morphism ir n : 5^ — > Sym n (S'). Let 

L A C = Closure of (vr n ) " x (S£C) . (4.1) 

The subvariety L A C was first introduced in |Gro] . and was studied intensively in 
|Na2| lNa3] . Note that L X C is irreducible, of dimension n and T-invariant. 
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By the results in |Na2l INa3| I Vasj . £a is a smooth point of L X C, ^ G L X C if and 
only if A < A where < denotes the dominance partial ordering, and 

al m [L x C] = J2^AL u C}, (4.2) 

V 

where the summation is over partitions v of |A| +m, which are obtained as follows: 

(i) add m to a term in A, say A& (possibly 0), and then 

(ii) arrange it in descending order. 

The coefficient a\ M is the number of i with = A^ + m. Denote the above v by: 

v = \(\ k ,m). (4.3) 
Then, formula H4.2[) can be rewritten as 

a-J^ A C]= E a ^ m) [L x ^C}. (4.4) 

distinct A^ 

4.2. The subvariety L X ^(C Z ) on S[ n > n+1 ]. 

Again, let C = C z be the z-axis of S* = C 2 . Let (A,/i) be an incidence pair: 

a = (■.•(i-i) ra '- i r'(i + i) ra ' +i --)hfi, 

where the parts (i — l) m » _1 , i mi and i mi ~ x do not appear when i = 0. We fix this i 
throughout the subsection. Let L X ^C be the closed subset of S^- n ' n+1 ^ defined by 

L^C = {(£,OI£ e ^ A C, i' e ZW, £ c £'} . (4.5) 

Then, L x,fl C is irreducible, of dimension (n + 1) and T-invariant. 

Lemma 4.1. t T [L A ' M c7] = [L M '^C] where the partition v is defined by 
!/ = (... (i - l) m *-ij m <- 1 (i + l) m '+i (j + 2) m!+2+1 (z + 3) m * +3 • • • ). 

Proof. Let pi,p 2 be the two projections of S^ n+1 ' n+2 ^ x 5 , [ n > n + 1 l. Then, 

F[Z>C] = {p* 2 [L x ^C} n [£„]) • 

An element ((£', £"), (£, CO) in Qn C {p 2 Y l L x ^C is of the form 
f = & + f.eL x C, £' = £ + £ei/C, = & + 
where £ s C £^ C £"> Supp(£") = {s} C C, and s ^ Supp(£ ) C C. The image 
Pi {Qn n (p 2 ) _1 L A ' M C7j consists of elements of the form 

= & + f" = fo + C 

Let = £. Choose a local coordinate (w s ,z) of 5 near s such that C7 is given 
locally near s by w s = 0. Now there are two cases: 

Case 1: the element G M^ +2 {s) is not generic. Since M^ + i i £ +2 (s) is irreducible 
and has dimension {t + 1), the corresponding element (£',£") = (Co + £s;6o + 6") 
forms a subset of dimension less than (n + 2). 
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Case 2: the element G Mi +2 (s) is generic. Then is of the form: 

h'J = ( w< s +2 > z + b i w s + ■■■ + b e+ iw e s +1 ) 
where 61, ... , G C. The corresponding £' s and £ s must be of the form 

k's = ( w s +1 ,z + b x w s + ...+ b e w e s ), 
I L = (w e a ,z + b 1 w s + . . . + b e ^ 1 w i ~ 1 ). 

By the definition of L^C, we must have I = i. 

It follows that p\ \ Q n fl (P2) _1 L A,M cj has exactly one irreducible component of 

the expected dimension (n + 2), which is L^C, and possibly other components 
with smaller dimension. Note that the intersection Q n H {P2) 1 L X, ^C is transversal 
along the element ((£',£")> (£,£')) ^ i s fr° m Case 2 and £ is generic. Hence 

t T [L x >»C] = [L^C]. □ 

Lemma 4.2. Letm = 2. Let X(X k ,m) and ax,x(x k , m ) be from \4-4\ l- Then, 

aljl^C\ = «A,A(A fc , m) f A(Afc ' m) ' MAfc ' m) C] 

distinct X^y^i 

+ (1 - < J mi _i 1 o)a A , A(i , m) [Z A ^'^C] + [L^^P+L^C]. 
Proof. Let n = |A|. Recall that cF m = a_ m ([C]). By ( 13.21) . we have 
~al m ([C])[L^C] = D-%. (p* 2 [L^C] n [Q^ 1 ]) • 
Let £0,1 — £0,2 = 0- Then a generic element (£, £') G L x,fl C is of the form: 

5 = E E u 

r>0 X<j<17lr 

where % > 0, £(£, r ,j) = r, Supp(£ r j) = {s r j} C C for r > 1, the points s rj - are 
distinct, (£i, mi , G M i>i+ i(si jTOi ) when z > 0, and when z = 0, 4', mi is a point in 
C different from the points s r j with r > 1. 

The effect of the action of aI m ([C]) on (£,£') G L A ' M C has two types: 

Type 1: the action results in generic elements (?},?]') of the form: 

V S Sro,jo Vro+mi 

V = £ — Cro,io "I" Vro+m 

where (r , jo) 7^ («> m i)> ^(?7r +m) = r + m, Supp(^ r +m) — {-Sro+m} C C, and 

s ro+m £ Supp(f')- 

This type of action is similar to the action of az\ m on [£ A C]. It follows that 
a T _ m [L x ^C] contains a A , A (A fc ,m) f A(Afc,m),/ " (Afe ' m) C] when X k ^ i, and contains 

(l-5 mi _ lj0 )a A , A(i , m) [L A ^)^^q 



INCIDENCE HILBERT SCHEMES AND LOOP ALGEBRAS 



23 



which should be regarded as nonexistent when = 1. 

Type 2: the action results in generic elements (t],t}') of the form: 

where z > 0, {r] i+m , r]' i+m ) E M i+m>i+m+1 (s i+m ) for some s i+rn E C with 

^ Suppo- 
rt follows that aJ m [L x ^C} contains a [L x ^ m ^^ i+1 ' m ^C] for certain multiplicity a. 
As at the end of the proof of Lemma 14. 11 the intersection multiplicity a is 1. □ 

Proposition 4.3. Let (A,/i) be an incidence pair. Then, there exists an algorithm 
to express [L A,M C] as a linear combination of the elements in the linear basis i?2- 

Proof. Use induction on |A|. When |A| = 0, we have 

[Z>C] = [C] = [C z ] = |0). (4.6) 

So the conclusion holds. Next, let n > 1 and assume that the conclusion holds for 
[L A ' M C] whenever |A| < n. In the following, let |A| = n. 

Use a second induction on £(X). When £(A) = 1, A = (n), and either /i = (l,n) 
or jj, — (n+ 1). When jj, — (n+ 1), we see from Lemma [4.11 that 

[Z A ^c] = [Z (n) - (n+1) L7] = (F) n |o), 

and so the conclusion holds in this case. When /z = (l,n), applying the operator 
o T n to (14. 6 p and using Lemma W7Z\ we conclude that 

£( n ),(n+l)q + ^(n),(l,n)q = jTjq^ 

Hence, the conclusion holds for [L^^ 1,T ^C} as well. 

Let |A| = n and £(X) > 1. In this case, we can choose a part m > of A so that 
m is also a part of [i. Let A^ and /i^ be the partitions of n — m obtained from 
A and \i respectively by deleting a copy of part m. Let 

A = (■••(i-l) m - 1 i m *(i + ir +1 --)hn, 

H = (■■■{i-l) m >~ 1 i m *- 1 {t + l) m > + ' +1 {i + 2) m *+ 2 ■■■). 

Apply the formula in Lemma I4T21 to a^ m [L x[m] '^ m] C], for which the conclusion holds 
by the induction hypothesis on the size of partitions since |A' m '| < |A|. There are 
three types of terms on the right hand side of the formula. One is [L X, ^C] with 
a non-zero coefficient. The second type is [L X, ^C] with |A| = |A| = n and £(X) < 
£(X), for which the conclusion holds by the induction hypothesis on the length of 
partitions. The third type is the term [Z xlm] (i,rn)^ m Hi+i,m) C } = (F) m [Z AM >" M C], 
for which the conclusion holds by induction on the size again since |A' m '| < |A|. It 
follows immediately that the conclusion holds for [L X, ^C]. □ 
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4.3. Transformations between the linear bases B\ and £> 2 - 

Note that the T-action on S^ n ' n+1 ^ induces a cell decomposition of 

!."■"■'■(■ : ]| L Xl 'C. 

Ahn 
(A, fi) incidence 

Let (£,£') G L x,fl C be a generic point. Then we see that 

lima(£,0 = (6,U (4.7) 

a — >U 

for a G T. Since dimL A ' M C = dim L n ' n+1 C = n + 1, we conclude that the cell C A,At 
corresponding to the fixed point (£a> £/J is isomorphic to C™ +1 and L x,fl C is the 
closure of C A,M . In particular, the fixed point (£a>£/J is a smooth point of L A,M C. 
Recall the notation k(X, /x) from Definition 12.71 (ii). Put 

MA,ri = MA)- n ! TB^f 1 - (48) 

Lemma 4.4. Let (£x>£/i) £ 5' n '" +1 ' fre a T-fixed point. Then the T-equivariant 
Euler class of the tangent space of L X ^C at (£a,£^) is equal to h + (\, fi)t n+1 . 

Proof. Since L X ^C is the closure of the cell C A,M corresponding to the fixed point 
(£a)£a»); ^ suffice to compute the T-equivariant Euler class of the tangent space of 
C A,M at (£aj£|u)- By (14.71) . the tangent space of C A ' M at (£a,£/J is the positive part 
of the tangent space of S'["> Tl + 1 ] at (£a,<^)- The positive part of the tangent space 
of S^ ri ' n+1 l at (£ A , can be read from the detailed study of the equivariant Zariski 
tangent space in the Appendix. Hence we see that the T-equivariant Euler class of 
the tangent space of C A,M (and hence of L X ^C) at (£a ; £m) i s h + (\, [i)t n+1 . □ 

Note that e L X ^C only if A > A and /i > /L When A > A, /i > fi and 

(A,/i) 7^ (A,/i), we define (A,/i) > (A, jl). 

Lemma 4.5. Let (A,/i) fre an incidence pair. Then, we have 

[L x ^C} = h + {\^r 1 [\^]+ J2 rf (A,,),(A,,)[A,/i] (4.9) 

(a,m)>(a,a) 

/or some constants ^ A/i j ^ G Q. Moreover, there exists an algorithm to compute 
all the constants ^ A(J j G Q. 

Proof. It is known from |Brij that if X, Y are T-equivariant equidimensional vari- 
eties such that Y C X is closed and X T is finite, then 

\y) = y £ l c y (y)t-* SmY u\3/}em{xY 

for some constants c y (Y) G Q. Moreover, if y G F T is a smooth point of Y, then 
c y (y) 7^ and c y (Y)~ 1 t dimY is the T-equivariant Euler class of the tangent space 
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of Y at y. Apply this formula to X = 5 [|A| ' |A|+1] and Y = L X ^C. We see that (Oji 
follows from Lemma 14.41 and the definition of the class [A, fj] . 

By Proposition 14.31 and Lemma 13.61 there exists an algorithm to compute the 
pairings among the classes [L x,fl C]. By (14.91) . the classes [L A,M C] are related to the 
classes [A, fi] via an upper triangular matrix. The diagonal entries of the matrix are 
h + (X, /u) _1 , which are nonzero, and the entries above the diagonal are the constants 
/j),(x,fi)- Since the pairings between the fixed point classes [A,/i] are already 
computed in (I2.43p . this upper triangular matrix can be determined. Therefore, 
there exists an algorithm to compute the constants d^ x ^ ,^~y □ 

Theorem 4.6. There exists an algorithm to express each element (t T ) J ciljO) in 
the linear basis £>2 as a linear combination of the elements in the linear basis B\. 

Proof. By Lemma 14.51 there exists an algorithm to express each element [A, //] in 
B\ as a linear combination of the elements in the third linear basis 

B 3 = \[L X ^C]\ (4.10) 

l> J (X,fi) incidence 

of Mj. Note that the transition matrix between these two linear bases can be 
arranged to be lower triangular. By Proposition 14.31 there exists an algorithm 
to express each element [A,//] in B\ as a linear combination of the elements in 
i?2. Therefore, we conclude that there exists an algorithm to express each element 
(t T ) SljO) in £>2 as a linear combination of the elements in Si. □ 

5. Applications 

5.1. Application to the ring structure of H* (S^- n ' n+1 ^) . 

In §5.2 of |LQ] , we showed that the infinite dimensional space 

+oo 

M s = Q)H*{S [n > n+1] ) (5.1) 

n=0 

is a representation of the Lie algebra Cfw" 1 ] ®c fys with a highest weight vector 
being the vacuum vector 

|0) = l s e H°(S [0 > 1] )=H°(S). 

Here, Is G H°(S) is the fundamental cohomology class of S = C 2 , u" 1 acts via a 
translation operator t similarly defined as in §3.21 and f)s is the Heisenberg algebra 
generated by Idg s and the Heisenberg operators a n with n 6 Z. When n > 0, 
the creation Heisenberg operator ci_ n = o_ n (l,s) is defined similarly as in §3.11 In 
particular, the elements in Mg are of the form: 

?aV--aijO) (5-2) 
where k > 0, i > 0, ii, . . . , > 0, and n\, . . . , rik > 0. 
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For a partition v = (I m i2 m2 • ■ ■ ), we introduce the notation: 

Recall the ring isomorphism in Corollary 12.51 (ii) induced by the forgetful map 

¥ : H;(S [n ' n+1] ) -> H*(S [n ' n+1] ). 
Let v be a partition with % + = n. As in §4 of |LQW3|, we have 

(t T ) J aIjO))=fa_,|0) (5.3) 

noting [C 2 ] = -r l [C z } in ^(C 2 ) = H%(S), al = a n ([C z }), and the Heisenberg 
commutation relation (13. 5p . It follows that the cup products of the classes t l a_„|0) 
can be reduced, by using (15.31) and Theorem 14.61 to computations in terms of the 
linear basis B\ of the fixed points. The cup products of the elements in B\ are 
already determined in §2.91 This gives the ring structure of H* (S [n > n+1] ) . 

5.2. Application to the ring of symmetric functions. 

Let A be the space of symmetric functions in infinitely many variables (see 
p. 19 of [Mac] ) . For a partition A, let p\,m\ and s\ be the power-sum symmetric 
function, the monomial symmetric function and the Schur function associated to 
A respectively. Define a ring structure on A by requiring s\ ■ = 5\ ifJi h(\)s\ for 
the Schur functions s\ and s^. Note that A already has a natural ring structure of 
the multiplication of functions. To avoid the confusion, we use (A, •) to denote A 
with the new ring structure, and always refer to this new ring structure when we 
mention the ring structure of A (g>^ C. 

Let C = C z C S = C 2 . By the Proposition B of | Vasj . there is a ring isomorphism 

$ : H T - (A ® % C, •) (5.4) 

which sends the classes a! A |0), [L X C] and (— l) n /h{\) ■ [A] to the symmetric func- 
tions p\,m\ and S\ respectively. Moreover, under this isomorphism, the operator 
al n with n > on H T corresponds to multiplication by p( n ) on A ® z C. 
Extending the map $, we define a linear isomorphism 

$ : H T -»• A ® z C[v] (5.5) 

by sending (t T )* cFjO) to p\ ®v l . Under this linear isomorphism, the operators t T 

and cF n with n > on H T correspond to multiplications by 1 ® v and p( n ) ® 1 on 

A® z C[u] respectively. Moreover, the ring structure on H T induces a ring structure 
on A Cg> z C[v] such that A (g> z C C A ® z C[v] is a subring of A ® z C[v]. Let 

l: A O z C ^ A ® z C[v] 

be the inclusion map. Next, recall from Proposition 13.81 that there exists a ring 
homomorphism t U f^: M.i iTn — > M.j tTn . It induces a ring homomorphism: 

t U /* : H T -> H T . 
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By Proposition 13.71 (i). we obtain a commutative diagram of ring homomorphisms: 

e T — a® z c 

tuf* 

i T — ^ A® z C[v], 

which respects the Heisenberg algebra actions on M.j and Hx- 

It is natural to ask what the induced ring structure on A ®i C[v] is. It should 
provide an interesting feature on A ®% C[i>] in the realm of symmetric functions. 



6. Appendix: the proof of Lemma 

For simplicity, we denote □fc(A, A t),i = and □ / fe(Aj/i ) )i = by D, and □• 
respectively. Note from (12.221) and Definition 12.71 (ii) that (12.331) is the same as 



e T = ■ MA) 2 • J] ^T^ 1 • t 2{n+l) - (6-1) 



0<i<m 
i^k 



To prove (16.11) . we follow the setup in [Chlj . There are four separate cases. 

Case la: = 1 but pj, ^ 1. Then s = m, a' k (jL A, and a[ = oti if < i < s 
and i ^ k. For < i < {k — 2), we have p\ = Pi and let Pi E B be the p^-th cell 
directly above a^. Then, Pi G P a .. For k < i < (s — 1), we have = and 
let G £> be the g i+1 -th cell directly to the left of a^. Then, (3 i+ i G Q ai+1 - By 
the formula (2.6.1) in |Chlj . Hom(J^, R/I^ x ) is equal to 

im W ( 9 C W J ( 0C0(/« l+1 , ft+1 ) ) • (6.2) 

\i=0 J \i=k J 

Combining this with (I2.29|) and (12.311) . we obtain an exact sequence 
- ^ r(0 ~/ } - Hom(/ 5A , R/Is) © imty) 

- im(^) (0 C0(/ Qi , ft ) ) (0 C0(/ Qi+1 , ft+1 ) J - 0. (6.3) 

If < i < (k — 1), then the weight of f a ' v a h is — 1 ~~ M '-'«); the weight of f a ' k ,a k 
is 1; if (k + 1) < i < s, then the weight of f^ v a k is 1 + h(Di). Note that the weight 
of (^{faifii) is the same as the weight of f ai ^- Hence if < i < {k — 2), then the 
weight of 4>(f ai ,f3i) is (pi — 1) — h(Di) = —hiD'A; if k < i < s — 1, then the weight 
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of <t>{f ai+ iA + i) is -(?<+i " !) + M^+i) = M D i+i)- By Q and (TJ^SD, 



e T = i-ir +i • w • n ^ifr • i 1 + *(□*-!)] • * 2(n+1) 



0<i<m 



-i) n+i • /i(a) 2 • n i T^- t2(n+1) ^ 



0<i<m 



where we have used the observation that ^(D^) = 1. 

Case lb: p k = 1 but 7^ 1- Then s = m, a' k £ A, and ot[ = oii if < i < s and 
i ^ k. For < z < (k — 1), let $ G 5 be the pj-th cell directly above a^- Then, 
/3j G P Ql . For (A; + 1) < % < (s - 1), let f3 i+1 G B be the g i+ i-th cell directly to the 
left of a k . Then, (3 i+ i G Qa i+1 - As in Case la, there is an exact sequence 

-> ^s i4 ( ' ~ ^ - Hom(/^, i2// Cx ) © im(^) 
- im(^) ( 0C0(/ ai)A ) ) 0(0 C0(/ ai+1)ft+1 ) ) - 0. (6.5) 

\i=0 / \i=fc+l / 

If < z < {k — 1), then the weight of f a ' t ,a k is — 1 — M^i); the weight of f a > i0lk 
is —1; if (A; + 1) < i < s, then the weight of f a '.,a k is 1 + h(Di). If < i < (k — 1), 
then the weight of is — /i(DQ; if A; + 1 < i < s — 1, then the weight of 

<+i,/9<+i) is M'-'i+i)- Combining with /z(D' fe+1 ) — 1, we obtain 

eT = (-i) n+1 • h(\) 2 ■ n ^^-[i + Mn^)]-* 2(B+1) 

0<i<m V »' 

= c-ir 1 ■ ma) 2 ■ n i Tf L # 1 - t2(n+1) - (6 - 6) 

0<i<m V »/ 

Case 2: A: = and po > 1, or k = m and g m > 1, or < A; < m and p k , q k > 1- 
Then s = m + 1, a4' a fc+i ^ A, = a, if < z < (k — 1), and a[ = if 
(A; + 2) < z < s. For < z < (k — 1), we have p[ = pi and let Pi E B be the 
Pi-th cell directly above a k . Then, (3i G P ai . For (/c + 1) < z < (s — 1), we have 
= Qi an d a i+i = a i- Pi & B be the g«-th cell directly to the left of a k . 
Then, $ G Q a4 . There is an exact sequence 

- ^! r(0 ~/ } - Hom(/, A) R/ hx ) © im(^) 
- im(zA) (0 C0(/ aiift ) ] 0(0 C0(/ aiA ) ] - 0. (6.7) 

V i=0 / \i=k+l / 

If < z < (A; — 1), then the weight of f a ' v a k is —1 — h{Di); the weight of fa!,a k 
is —1; the weight of f a ' k+1 ,a k is 1; if (A; + 2) < z < s, then the weight of f a ' v a k 
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is 1 + If < i < (k - 1), then the weight of 4>{f aiA ) is -A(DJ); if 

fc+l<i<s — 1, then the weight of (pifa^^) is Hence (16.1 1) holds. 

Case 3: Pk = % = 1- Then, s = m — 1, a[ = cti if < i < {k — 1), and a[ = oti + \ 
if k < i < s. For < i < (k — 2), we have = Pi and let /3j G B be the pj-th 
cell directly above otk- Then, /3, G P ai . For < i < (s — 1), we have q' i+1 = qi+2 
and a' i+1 = a i+2 - Let /3 i+2 G P be the gj +2 -th cell directly to the left of Then, 
A+2 ^ There is an exact sequence 

- ^T ( tr/ } - Hom(/ eA , R/k x ) © imty) 
- imty) (0 C0(/ aiift ) ] (0 C0(/ Qi+2 A+2 ) ) - 0. (6.8) 

\i=0 / \i=k / 

If < i < (k — 1), then the weight of f a '.,a k is —1 — h(\3i)] if k < i < s, then the 
weight of / a /. jQjfc is 1 + /i(D m ). If < i < (k - 2), then the weight of 0(/ ai ,ft) is 
— if k < i < s — 1, then the weight of 0(/ Qi+2 ,/3 i+2 ) is h(D' i+2 ). Hence 

(-l)^ 1 • h(\) 2 ■ J] 1±^5*) . [1 + fc^)] . [1 + fc(nfrfl) ] . ^(n + l) 

0<i<m V *' 

i^fe-l,fc,fe + l 

noting that h(D' k l ) = h(D' k+1 ) = 1. Therefore, (16.1 1) holds. 
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